Abstract. Let k be an F -finite field containing an infinite perfect field of positive characteristic. Let (X, ∆) be a projective log canonical pair over k. In this note we show that, for a semi-ample divisor D on X, there exists an effective Q-divisor
X whose coefficients are contained in [0, 1] . Let D be a semi-ample Qdivisor on X. Then there exists an effective Q-divisor D ′ ∼ Q D such that (X, ∆ + D ′ ) is sharply F -pure.
Let us consider about the assumption that k contains an infinite perfect field k 0 . First, we impose a restrictive condition: k is perfect. Then, our assumption k 0 ⊂ k is equivalent to the condition that k is not a finite field. Since Theorem 1 is a problem of Bertini type, it is difficult to treat the case when k is a finite field (cf. [Poonen] ). Moreover, if k is an infinite perfect field, then Theorem 1 holds by [PSZ, Theorem B] .
Second, let us go back to the general situation. In the proof of a key result (Proposition 8), we will make use of rational points or its p e -powers of A r k . To assure the existence of infinitely many p ∞ -torsion points, we assume that k contains an infinite perfect field.
Recently, some problems on birational geometry are solved by the theory of F -singularities ( [CHMS] , [CTX] , [HX] , [Mustaţȃ] ). By using it, also this paper shows a result on birational geometry (Theorem 1). For some related topics of F -singularities, see [BSTZ] , [BST] . In particular, Bertini's theorem of very ample divisors holds for F -singularities ( [SZ] ).
Notation
We say X is a variety over a field k (or k-variety) if X is an integral scheme which is separated and of finite type over k.
Let X be a normal variety over a field k. For a closed subset Z of X, we say Z is a simple normal crossing divisor if, for the irreducible decomposition Z = i∈I D i , we obtain dim D i = dim X − 1 for every i ∈ I and j∈J D j is regular for every subset ∅ = J ⊂ I, where we consider D i as the reduced scheme and the intersection j∈J D j means a scheme-theoretic intersection.
Let X be a normal k-variety and let D be an effective R-divisor. We say µ : W → X is a log resolution of (X, D) if µ is a projective birational morphism, W is regular and µ −1 (D) ∪ Ex(µ) is a simple normal crossing divisor.
We will freely use the notation and terminology in [Kollár] . In particular, for the definitions of klt and log canonical singularities, see [Kollár, Definition 2.8] .
For the definitions of strongly F -regular and sharply F -pure pairs, see [Schwede, Definition 2.7] and [CTX, Definition 2.7] . For e ∈ Z >0 , a normal variety X and an effective Z-divisor D on X, we have a trace map Tr
For the definition and the basic properties of trace map, see [CTX, Section 2.3] .
We say an R-Cartier R-divisor D is semi-ample if we can write D = 1≤i≤r a i D i , where a i ∈ R ≥0 and D i is a semi-ample Cartier divisor.
Proofs
We recall a basic lemma.
Lemma 4. Let A be an integral domain of characteristic p > 0 and assume that A has a p-basis
Proof. We may assume that r = 1 and set t 1 =: t. Consider the following A-module homomorphism ϕ :
where the left hand side is the free A-module generated by a basis {x
The surjectivity is clear. We show the injectivity. Assume that
for some f I,j (t) ∈ A[t] where I := (i 1 , · · · , i n ) is the multi-index. We show f I,j (t) = 0 for every I and j. We can write f I,j (t) = k a I,j k t k for some a I,j k ∈ A. We obtain
Since every coefficient of t pk+j vanishes, we obtain
for every j and k. By the definition of p-basis, we obtain a I,j k = 0 for every I, j and k. Thus f I,j (t) = k a I,j k t k = 0 for every I and j. We are done.
The following lemma essentially follows from [Schwede] .
Lemma 5. Let Y be a regular variety over an F -finite field of characteristic p > 0. Let S be a reduced simple normal crossing divisor and let S = i∈I S i be the irreducible decomposition. Set T := i∈I S i . Let E be an effective Cartier divisor on X such that T ⊂ SuppE. Fix a (possibly non-closed) point y ∈ T and e ∈ Z >0 . Then, the following assertions are equivalent.
( 
If Tr
This implies that a is a unit of O Y,y . We are done.
Since we would like to treat rational points of A r k and their p e -powers, we introduce the following terminologies.
This induces a bijection:
Proposition 8 is a key result in this paper, which compares a special fiber and general fibers.
Proposition 8. Let k be an F -finite field of characteristic p > 0. Let X be a regular variety over k. We fix the followings.
• e ∈ Z >0 .
•
contains no fibers of the second projection X × k T → T .
• A closed point x ∈ X and a rational point a ∈ T (k).
Proof. We may assume that
Moreover, we can assume that a = (t 1 , · · · , t r ) ⊂ R T , that is, a is the origin (Remark 7). By shrinking Spec R X around x, we may assume that R X has a p-basis {x 1 , · · · , x n }:
Take an element 0 = ρ ∈ R X ⊗ k R T which satisfies the following properties.
(
Let S i on X × k T be the pull-back of the regular effective Cartier divisor div(t i ) on T . By Proposition 5, we see that the trace map
is surjective at (x, a). Shrinking Spec S around (x, a) if necessary, we obtain the following splitting:
It suffices to show the splitting of
For every b := (b 1 , · · · , b r ) ∈ k r , we obtain the following expressions
where ξ I,J , ξ I,J (b) ∈ S, I := (i 1 , · · · , i n ), and J := (j 1 , · · · , j r ). Clearly, ξ I,J (0) = ξ I,J . By applying the binomial expansion to t Recall
Consider the following polynomial
where we write t i = 1 ⊗ k t i ∈ S by abuse of notation. Thus, we obtain
Then, for a closed point x ∈ X and b = (b 1 , · · · , b r ) ∈ (k p e ) r (i.e. b corresponds to the maximal ideal (t 1 − b 1 , · · · , t r − b r )), the following three assertions are equivalent.
• η I,0 (t 1 , · · · , t r ) ∈ m (y,b) .
Since ϕ gives the above splitting, we can find a multi-index
Thus, we can find an open set (x, a) ∈ U ⊂ X × k T , such that
for every prime ideal p ∈ U. Therefore, for every (x, b) ∈ U where x ∈ X is a closed point and b ∈ T (k p e ), we obtain ξ I ′ ,0 (b) ∈ m (y,b) .
Proof of Proposition 2. First, we reduce the proof to the case K = Q. By enlarging coefficients of ∆, we may assume that ∆ is a Q-divisor (cf. [CTX, Remark 2.8(2)]). We can write D = 1≤i≤s a i D i , where a i ∈ R ≥0 and each D i is a semi-ample Cartier divisor. By the induction on s, we may assume that s = 1. Thus we obtain D = a 1 D 1 . By replacing a 1 with a 1 , we may assume that D is a semi-ample Cartier divisor. Thus, we could reduce the proof to the case K = Q. From now on, we assume that K = Q and we show the assertion in the proposition. Since X is projective, we can find an effective Qdivisor H on X with the following properties.
• (X, ∆ + H) is strongly F -regular.
• Supp∆ ⊂ SuppH.
• (X \ SuppH, ∆| X\SuppH = 0) is globally F -regular. By enlarging coefficients of ∆ and H a little, we may assume that (
. By replacing D with its some multiple, we may assume that D is a Cartier divisor such that |D| is base point free. In particular, dim k H 0 (X, D) ≥ 2, otherwise D ∼ 0 and the assertion is trivial.
Set
We can find an effective Cartier divisor D on X × k T which satisfies the following properties:
where, for every i, we obtain D i ∼ D is an effective Cartier divisor. In this case, we write a
Fix a coordinate t = (t 1 , · · · , t q dim X ) of T . Note that we have a subset T (t, k 0 ) ⊂ T (k), which is dense in T (cf. Definition 6).
We show that there exists e 0 ∈ d 0 Z >0 such that the trace map
is sharply F -pure. In particular, we can find e a ∈ d 0 d a Z >0 such that the trace map
is surjective. By Proposition 8 and the properness of X, we can find an open subset a ∈ U a ⊂ T such that
is surjective for every e ∈ Z >0 and every b ∈ U a ∩ T (t, k 0 ). Therefore, we obtain an open cover
By the compactness of T (t, k 0 ), we obtain T (t, k 0 ) ⊂ 1≤i≤s U a i . Set e 0 := e a 1 · · · e as . Then, we see that the trace map
is surjective for every c ∈ T (t, k 0 ).
Since |D| is base point free and T (t, k 0 ) is dense in T , we can find effective Cartier divisors
′ p e 0 −1 ∼ D which satisfy the following properties.
and Tr
is surjective at every point. By [SS, Theorem 3.9] , in order to show that the pair (X, ∆ + D ′ ) is strongly F -regular, it is enough to prove the following two assertions.
(a) Tr
The assertion (a) follows from
The assertion (b) holds because (X \ SuppH, ∆| X\SuppH ) is globally F -regular. We are done.
The proof of Proposition 3 is almost all the same as the one of Proposition 2. For the sake of completeness, we give a proof of it.
Proof of Proposition 3. By enlarging coefficients of ∆, we may assume that ∆ is reduced, that is, ∆ = ∆ . By replacing D with its some multiple, we may assume that D is a Cartier divisor such that |D| is base point free. In particular, dim k H 0 (X, D) ≥ 2, otherwise D ∼ 0 and the assertion is trivial.
We can find an effective Cartier divisor D on X × k T which satisfies the following properties: 
, which is dense in T (cf. Definition 6).
Since |D| is base point free, we can find a non-empty open subset
does not contain any F -pure centers of (X, ∆).
We show that there exists e 0 ∈ Z >0 such that, for every [
) is sharply F -pure. Therefore, we can find e a ∈ d a Z >0 such that the trace map
is surjective at every point. By Proposition 8 and the properness of X, we can find an open subset a ∈ U a ⊂ T such that
is surjective for every b ∈ T (t, k 0 ). Therefore,
is surjective for every b ∈ T (t, k 0 ) and every e ∈ Z >0 . By the compactness of T (t, k 0 ), we can find a required e 0 .
• is surjective. Thus, (X, ∆ + D ′ ) is sharply F -pure.
Proof of Theorem 1. First we show the assertion for the case K = Q.
Since there exists a log resolution, we may assume that X is regular and ∆ is simple normal crossing. By Proposition 3 (resp. Proposition 2), we can find D ′ ∼ Q D such that (X, ∆ + D) is sharply F -pure (resp. strongly F -regular). In particular, it is log canonical (resp. klt) by [HW, Theorem 3.3] . Second we prove the assertion for the case K = R. We can write D = r i=1 a i D i where a i ∈ R >0 and D i is a semi-ample Cartier divisor. By the induction on r, we may assume that r = 1. Thus, we obtain D = a 1 D 1 where a 1 ∈ R >0 and D 1 is a semi-ample Cartier divisor. By replacing a 1 with a 1 , we may assume that D is a semi-ample Cartier divisor. Since there exists a log resolution, we may assume that X is regular and ∆ is simple normal crossing. By enlarging coefficients of ∆ a little, we can reduce the problem to the case K = Q.
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